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1. INTRODUCTION

The r moduli of smoothness of a function are defined in terms of the dif-
ferences A, f(x}=f(x+h)—f(x) and A4, f(x)=4,4,""f(x)) by
o (f, t)=sup,,<, |4, f(x)|. For continuous functions f(x) on [a,b],
DeVore [4, p. 253] proved that sup, |4, f(x)| < MhZ, for some « <2, and
a fixed sequence {h,} satisfying h,=o0(1) and 1< (h,/h,, ) <M implies
| 4; f(x)| < Mh*, for all h and x (such that [x, x +2h] < [a, b]). For L,(R)
or L(R"), 1<p< o0, a similar theorem was proved by the author [5]
where |42 f ., replaces the corresponding expression in L, norm.
Freud [7] proved for L(T) (T=[—=n,n] for periodic fucntions) that
145, f Il ,=O(h), for a sequence 4, as above, implies |4}, /||, = O(h").
This theorem was generalized to L,(R) and L,(T) by Boman [1], and
recently, the theorem was proved by Totik [12] for L [a, b], 1 <p< 0.

The condition 1< (h,/h, . )< K is necessary, as there are examples to
show that if 1 < (h,/h, . ) <K fails, the implication is no longer valid. For
functions in C(R) the condition was imposed on {4} f(x)|, for all x (and
natural analogous restrictions were imposed in other spaces). It wiil be our
goal to show how this condition can be relaxed and how we can replace
the information on |4; f(x)| by information on |4} f(&,+kh,)|, with &,
any fixed sequence of reals, #, a fixed sequence with the conditions above,
and k=0, +1, £2.... In fact the sequence ¢, is an added degree of freedom
that we have in some cases and not an added requirement. In general, an
added requirement is imposed on f(x) except in the cases A, = K/~" and
¢(,=a. In the case h,=27" ¢&,=0, and feC[0, 1], the equivalence
between supg< <o, |45 f(/2") < M2 " and |4} f | cron— iy S M h*
was established by Ciesielski [3] using orthogonal spline systems.

For proving that |4} f(kh,)1=0O(h%) where [kh,, (k+r)h,]c{a,b]
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implies |45 f(x)] < Mh* where [x, x+rh] < [a, 6], we will have to make a
concession on h,; we assume h,= K[ " with {,=a and K= (b—ua)/j
(where j is an integer). This is needed in our proof that involves an exten-
sion theorem. That is, we construct a function g(x) on a bigger interval
which is equal to f(x) i the given interval and for which |4} g(kh,)|
everywhere is of the same order of magnitude as | 4] f(kh,)|, for those k
for which f(kh,) i1s defined.

In order to facilitate our proof we will prove an approximation theorem
about a specific Cardinal B spline approximation that will satisfy estimates
on its rate of convergence and on its derivatives.

2. CARDINAL B SPLINE APPROXIMATION USING DISCRETE DATA

In order to prove our main theorem we will need an approximation
theorem of a certain type. To introduce our approximation operator we
reall the B spline of order k& with equidistant knots supported by
[—(k/2}h, (k/2) h] given by N(k, h, t)= Nk, t/h) and N(k, 1)=G,(1)=
GG, _()=[*, G(x) G, (t—x)dx, where G (1)=1 for [t| <} and
G,(1)=0 elsewhere. The Schoenberg variation diminishing B spline with
equidistant knots starting at & is given by

SHE ko fs )= f(ih+ &) NGk, bt —ih— &) (2.1)

It is well known that S,(&, £, k; 1) is of norm | as an operator on C(R),
which for any # is the identity on the functions 1 and x. It is an
approximation operator using data at the points i# + . We also have:

LEMMA 2.1.  For a polynomial p(x) of degree m<k—1, S,(& k, p;t)—
p(t)=q(t), where ¢q(t) is a polynomial of degree m—2 or g(t)=0 if
m—2<0.

Proof. We may choose p(7) =1t". We observe that by (see [2, p. 138] or
[8, p. 136]) using the formula for derivatives of B splines, we have

d
— S (E kS
7 W&k fit)

=%Zf(ih+§){N(k—l,h,/fih—cf)—N(k—l,h,t—(i—l)h—é)}

:%Zﬁhf((i—1)h+i)N(k—l,h,t—ih—g“)
1
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and therefore

dm
= Sul& k fin)=

h
which is valid at every point except in the case m=k—1, when the
derivative above is valid only for ¢ ¢ + ik for any integer ;. Recalling that
A7 =m!h™ and that m — 1 derivatives of S,(&, k, f; t) are continuous if
m<k—1, we have (d/dt)™ p(t)— (d/dt)" S, (& k, p;t1)=0, and we have
proved that g(z) is of degree m—1 or ¢(z)=0 if m—1<0. Using the
linearity of S,(&, k, f 1), the fact that for f(x)= (x— &)™, S,(& k, f, t) is odd
or even as a function of (r—¢) if m is an odd or an even integer, and the
results that we have already proved for smaller integers than m, we com-
plete the proof.

We are now in a position to define the general approximation operator
Ay

r

,) SUE K. fi 1), (22)

Stk fin= 3 (<1
where S'(E &, [0y =S,(E,k, S, L 0) and SHE K, £, )= Su(E k. fi 1)
LEmMma 2.2.  As an operator on C(R), we have
1S (& K, fi)l <271, (23)
and for a polynomial p(t) of degree m, m <min(2r, k),

SuA& k, ps 1) = pl(t) =0. (24)

Proof. Using the definition of S,, and || S, || <1 as an operator from
C(R) to C(R), we derive (2.3). Formula (2.4) is simply the r iterate of
Lemma 2.1.

The desired approximation operator will be S, (¢, k, f; t) for which with
k = 2r we will prove:

THEOREM 2.3. For k = 2r, we have

I Su A& ks fs 1) = [ (Dl cory < Koo, ( /5 1)
and locally

IS5 A&k /i ) =Dl crapy S K sup, |47 f(x)1,
4 Lhex<beLh

where K and L depend on r and k but not on f, A, or &
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Remark. A formula that will recover polynomials of certain order and
therefore from which a theorem like 2.3 is possible has been proved (see [7,
p. 2187), but the data there about the function is not compatible with our
requirement here.

Proof of Theorem 2.3. For fe C”, we have

3 (x—1) ,, =Tt
f=f)+——/(+ N VA0
(x=0" . '
+ ! S(2(Ux, 1))

as S,,(C, k. f, 1) is a projection on polynomial of degree <2r, we have

|Shr(éa k’fv l)_f(t))

1

= | Sy (& ky (1= Y fP7 (L 1) )

1 r
<@ 2 ( )maXIf‘z”(g)l SHE k. (1=-)7 1),

el

where 1,= [ — lkh/2, t + lkh/2].

Therefore, we have
TN/ kR
wn (2r) 7
(2r)!,; (1)( 2> o max
We can now write

|Su A&k L) —f(1) <
(r/h)Zr hi2r hi2r r 1 C o 2r
fo = [ ()

Xfx+(r—Du,+ - +uy,))du, - du,,.

The known estimates (similar to [11, p. 163]) are

| f(x) = ful)] S5 sup |47 f(x—rn)|

( r) Inl<h

r 2r 1 r 2r
<<Z> (2;),21(1) sup |47, f(x—=r(r=1)n)l

inl < h/r

< s ¥ () sw 1y s

Inl<h
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The above estimates for f{* and f—f), can be deduced from computation
done elsewhere but are easy to deduce directly from the definition of f,,.

Combining the estimates of | f—f,,| and f{?” with the above, we get

| Sar&s ks ) =S (DN SIS A& K = fos D1+ 1 fult) = f(1)]
+1Sa A& ks S 1) = filD)]

and complete the proof using Lemma 2.2 and the definition on the modulus

of continuity. We can observe that
1 L 2r>} 1
+20 =,
GAMISERe

S {<21r) ) @@H’

and that L <(rk/2)+r, but these constants are not important for later
proofs.

3. THE MAIN THEOREM WITH THE RESTRICTION f¢€ Lipf

The main theorem will be proved below for functions on R first.

THEOREM 3.1. For fe C(R) satisfying |4, f(x)| < Kh*, for some B and
K, the condition | 47! (¢, + kh,)| < Kh%:, where a <m for-all k, a sequence h,
satisfying h,=o(1) and 1 < (h,/h,, )< M, and some sequence £, of reals
implies | A7 f(x) < K, k% for all x and all h.

Proof. We choose r such that 2r=m+ 1 and use the approximation
operator S, ,(&,, 2r, f; t). From Theorem 2.3,

1Sk, A0 2r f; ) = FO < Mo ( f, ) S M- 2% ", (f, h,).  (3.1)
Using the definition of §, ,, we have

<%()

d m
() sutea |

d\"
‘(E) Sh,l,r(én’ 2rvf; t)

Observing that

Si (s 2r, £ 1) Z(Zd NS+ (i +))h, )> NQ@r, h,, t—ih,~¢,),
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where a{/) >0, 3_a(/)=1, for | jl <(/—1)r, we have

d\"™
(E) Siy,,(én’ 2rs.f; f)

=h,"Y (Z o) A7 S, + (i—m+)) hn)> NQ2r—m, h,, t—ih,—&,)

i

(3.2)

and therefore

d n
K;;,) Sh(&ns 2,131

Shy, " sup |45 f(E,+kh,)|- (33)
k

We have now

A;,"f(t): Azl(fi(t)i Sh,,(én’ 2raf-; z))+ AZ'Sh,,(én’ zr’.f; t)a
from which, using (3.1) and (3.3),

h m
A 10 <220, fo )+ (2= 5 ) sup 477+ )
k

n

or

AT (0] < Ay h) + B(hﬁ)mhz. (3.4)

n

We will show under the assumption on f that an equation of the
type (3.4) for o <m implies that for f(x)e Lip 8, ie., |47 f(2)| < Ch?, for
some f5, that |47 f(x)| < K,;h* One can choose a subsequence #, of 4,
which satisfies | < T, < (5,/1,.1) < T, < o (for T, and T, big enough). We
now have for some n, y,<h<n,_,

/ n
|A;"f(z>1<Awm<ﬂnn)+B<;’—) "

n

h n y—1 X m )
<Axwm(ﬁ nn+s)+B<rl_> 'IZ“'B z (77"_“__1) A]r’:«{»j'

n j=1 ’7n+/‘

Choosing T, and then T, such that 4/7% <1 and therefore 4/T5< 1, we
have 4°w,,(f, 1,+,) < C(4/TF) W’ < C(A/TY)".
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For s big enough such that A°w,,(f, n,, ) <M h* we have

h m s—1 i m )
|A2"f(t)|<M1h“+B(~> mi+B Y <M> A,
"n j=1 n+j
s—1
<M h*+BT?—*h*+ BTy Y, AT *n?
j=1

<h (M, + BT7—*+ BT7(1/1 — (4/T7))),
and the last expression does not depend on s. This completes the proof.

THEOREM 3.2. For felipf in [a, b], for some >0 (and therefore
feCla,b]), |47 (&, +kh,)| < Kh, for some a, «<m, and all k and n
such that [&,+kh,, &, + (k+m)Yh,] = [a, b], where the sequence 4, and
¢, are those of Theorem 3.1, implies |47 f(x)| < K, h®% for all A and x
satisfying [x, x+mh] < [a+ Th,b— Th], where T is independent of f, A
(but T depends on m), and K, is that of Theorem 3.1.

Remark. Actually Theorem 3.2 contains Theorem 3.1 but the present
arrangement may help clarify the proof.

Proof of Theorem 3.2. We follow the proof of Theorem 3.1 with special
care in some of the steps involving the domain supporting the
approximation process. For the main inequality (3.1), we have

sup |4 f(1)]

t,t +mhe [a,b;]

<Awm(f» hm [al _Lhn’ bl +Lhn])+ B(;[i)

n

xsup {| 45 (&, +kh,)|; (&, + (k=2r)h, . &, + (k+m+2r)h,] = [a,, b,]1},

Where wm(f’ h,,, [al - Lhn’ a; + Lhn])= Supneh,, {lA:,nf(x)l 5 [X, x+ "m] <
la,—Lh,, b, + Lh,]}. We choose now #, as in the proof of Theorem 3.1,
and because of their geometric progression the result will be valid if
[a,—L, 272 000+ L X7 1] [a, b], for Ly =max(L, 2r + 1]. Recall
now that L, 37" n,<Ln, 272, (I/Tl)"q:Ll(T]/Tl —1)n,=L,yn,. In
other words, choosing a, =a+2L,h and b, =b — 2L, h will do. The rest of
the proof follows that of Theorem 3.1 exactly.

4. RELAXING THE CONDITION fe Lip

In this section we will show how the a priori assumption fe Lip g, for
some > 0, can be proved by imposing a different condition on f or on the
sequence. We will need first the next two lemmas.
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Lemma 4.1. For  fe L (R), (4] f(¢, + kh,)l < Kh}  implies
|4y, (S + k)] < AK'"hy “f”l;“’""’, where A is independent of f, &,,
and h,,, and therefore |4, f(&, +kh,)| <K h*™.

Proof. This is a lemma on sequences in [/, (Z) for the sequence
a,=f(¢,+kh,) and obtaining a Kolmogorov-type inequality there. In an
earlier paper [6] estimates were given for the constant 4 which yield the
existence of such constants.

Lemma 4.2, If feL [a,b], |4} f(E,+kh,)| < Kh}, where [{,+kh,,
E+k+m)h, e a b] implies |4, f(E,+kh,)| <K,hZ™", where o, =
min(e, 1) for [E,+ kh,, E,+(k+1)h,]c[a, b] and h,< (b — a)/6bm.

Proof. First, we observe that Lemma 4.1 is valid on [a, ) or (— o0, b]
using the result of [6] for /_(N) rather than for /_(Z). To prove
the result for [a, ], we multiply f by g,(x), where g,(x})=1 for a<x <
(a+2b)/3, g,(x)=0 for (a+5b)/6<x<oo, and is defined linearly
elsewhere. For ¢,(x) = f.g,, |47 ¢,(&, +kh,) < |47 f(E,+kh,)| +
| Ay, (& +kh)IC | fII < Khj+ (h,/6(b—a))C || []. ¢, is now defined in
[a, o) and we obtain the estimate for |4, ¢,(, + kh,)|. Similarly, we can
derive the estimate for ¢,=/"g,, where g,(x)=1 for (2a+5)/3<x<h,
g:(x})=0 for —oo<x<(5a+5h)/6, and is defined linearly elsewhere.
Therefore |4, ¢{&,+kh,)| is bounded by C A2 and hence
|4k, (S, + kh,)| <2C 3.

Remark. For our needs it does not matter that «,/m replaces o/m since
all that matters is that the condition is valid for some f > 0.

LemMA 4.3. If [ is locally monotonic, that is for some fixed d in any
interval of length d there is at most one change of direction, then
|47 f(&,+kh,)| < Khj, for h, satisfying 1<h,/h, <M, implies
|4, f(x)| < K,h*™ If the condition |47 f(&,+kh,) <Kh* and local
monotonicity is given in [a,b], they imply |4, f(x)| <K,h*™, for
[x,x+h]<[a b], where o, = min(1, a).

Proof. We restrict ourselves to the case in which the conditions are
given on R since in the other case the proof is similar. Using Lemma 4.1,
we have |4, f(&,+kh,)| <K h¥"=K hf We construct a subsequence of
h,, n, satisfying 1 < T, <(8,/M,, 1)< To<oc, with T > 2.

Given two points x and y, x <y, we may assume that there is no change
of direction between them, otherwise (if there is a change of direction
at (), we may write the estimate |f(x)—f(y)| <max(|f(x)—f)l,
[ AAY)—=F(0)]). We estimate separately |f(x)—/f((x+y)2)] and
| f(»)—F((x+v)/2)| (using the knowledge that f/ is monotonic around
(x+p)/2). We choose n such that 5, <(1/2)]x—y|<#n,., and integers
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k(n) and I(n) such that x<¢,+k(n)y,<(x+y)2<E,+Un)y,, and
the integers k(n) and /(n) are minimal satisfying it. We have
| fO)=f((x+p)2)] < [Un)—k(m)|- Kl +1 f(x)=f(E,+k(m)n,)|l <
([T +2)Knf+| f(x)—f(¢,+ k(n) n,)|. Continuing the process with
[x, &, +k(n)y,] whose length is smalier than #,, we have

r9-1(52)

S(TL+2) Kl 3 277 <Ky lx—yl”

r=1

ST+ 2K, S

r=n

which completes the proof.
More useful, in particular for Section 8, is the following lemma.

LemMma 44. If  f(x) is locally  absolutely  continuous  and
| A% f(&E,+kh,)| < Kh3, for | <h,/h, <M, then f€ Lip(a/m). If the con-
dition | 47, f(&, +kh )] is given in [a, b, then fe Lip(x,/m) there.

Proof. We will follow partly the proof of Lemma4.3. We have
|4, f(&,+kh,)| <K h?, for the ks in question and = o,/m, and choose a
subsequence #,, of A, such that 1 < T, <n,/1,,,< T, < oo, where T, > 3"/,
For x <y, we choose » such that n, <|x—y| <#,_ and integers k,(n) and
ky(n)such that x< &, + k,(n)n,, <&, + ky(n) n, <y, where k,(n) is minimal
and k,(n) is maximal satisfying the above. Obviously, | f(x)—f(y)| <
|f(x)=f(&, +km) n)l + 1 hs(n) =k (n)| Kl + 1 f(E, +ky(n)n,) —f(3)].

We have Vky(n)—k(m)| < T, and |x—¢,—ki(n)n,| +
| yv—¢&,—ky(n)n,| <2n,. We now ﬁnd & such that for /_, 1¢{;,—z,l <<5
{i<z;<{ioq, we have Y/ | f(L)—f(z)] <hP, where h=|x—y]|.

continue the above process w1th the two intervals left. We Obtdln
| f(x)—f () < T,K,(n*+2n*, )+ 1, where I is a sum on four intervals of

total length 411,,+, 411,,+1 In general, after / steps,

where I() =37, lf(Cf)—f(Zf)l, X IL—z <2y, . Since T, > 3> 3,
> |{,—z;/ <23 'y, and smaller than & for sufficiently big /, we have
| f()=f(DI<{2T2 K, + 1} h*, where h=|x—y|.

Lemma 4.5. If &, =& and h,= Bl™", for a fixed integer I, fe C(R) and
[ A7 f(E+ kh,)| < Kh* implies |4, f(x)| < K,h*™. In case the assumption
above is given in an interval, then | 4, f(x)| < K,h*'™ there.

Proof. We have to choose the points appropriately, but because &, =¢
and h,=BIl"", we fit E+kBI""=¢+kIBI-"" ', and therefore we have in
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the proof of the last lemma only two intervals left at any stage and
therefore continuity is sufficient.
We are now able to deduce the following as corollaries.

THEOREM 4.6.  For f(x) locally monotonic and continuous or f(x) locally
absolutely continuous, the implications of Theorem 4.1 and 4.2 are valid
without the a priori assumption that f(x)e Lip f.

THEOREM 4.7. For ¢&,=¢ and h,=KI"", the implications of
Theorems 4.1 and 4.2 are valid without the a priori assumption that

Jf(x)elLip B.
5. FURTHER CASES

In this section we will achieve as corollaries of the theorems in Sections 3
and 4 further results first on periodic functions and then for the second dif-
ference on an interval or on R™*.

THEOREM 5.1.  For fe C(T), continuous functions with period 2m, the con-
dition [ A} f(kh,) < Kh}, a<m, h,=Q2r/r)["" (with some integer r),
implies | A7 f(x)| < K, %, for all x and h.

Proof. We use the results from Theorems 3.2 and 4.7 on (—9, 27+ J)
and the periodicity to obtain this corollary.
For m=2 and fe C(R™), we can obtain the following result.

THEOREM 5.2.  Suppose h, is as given in Theorem 3.1, |4}, f(kh,)| < Mh;
and f satisfies one of the following conditions: (a) feLipf in R*, (b)
fe C(R™) and f(x) is locally monotonic, (¢) f(x) is absolutely continuous.
Then | A2 f(x)| <M, for all xe RY and h20. If h,= Al"", then instead
of (a), (b), or (c), we just assume that f€ C(R") and still | 47 f(x)| < M, h*,
for all xe R* and h=0.

Remark. Theorems 3.2, 4.6, and 4.7 would imply the validity of this
theorem for xe [d, oc) and 4> 0.

Proof. We define f(x)in (—oc, 0) as f(0)— (f(—x)—f(0)) and obtain,
for all k, |4} f(kh,)| < Mh} in R and therefore | 4; f(x)| < M, A%, for all x.
But for x> 0 the new function coincides with the function in the theorem.

THEOREM 5.3. For f(x)eC[0,1] and h,=! ", the condition
|4, f(kh,)| < Mh;, for k=0, ..., I" =2 and all n, implies | 4} f(x)| < M, h*,

"

for x, x+2he [0, 1].
Proof. We define g(x)=f(x)—-f(O)N1—x)—f(1)x, for xe[0, 1],
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glx)=—g(—x), for xe[—1,0], and g(x)=g(x+2k), elsewhere (scc
Timan [11]). The function g satisfies |4; g(kh,)| < Mh%, and therefore
|42 g(x)| < Mh*, for all x and A, but in [0, 1], |42 f(x)| = |42 g(x)|.

For higher differences this theorem would be generalized with a substan-
tial amount of work.

6. AN EXTENSION THEOREM

In order to prove a result like Theorem 3.1 or Theorem 4.7 for differences
of order r>2 on an interval [a,b] or R, we will need an extension
theorem. An extension theorem would provide a function g identical with
/(x) inside the interval or in R", satisfying an estimate on |4} g(kh,)|
similar to that on |4}, f(kh,)| but in a bigger interval or in R. An extension
theorem that uses derivatives rather than differences is the well-known
Whitney extension theorem (see, for instance, [10]). For differences given
at all points x, an extension theorem was achieved using Stekelov-type
integrals and the Whitney extension theorem [97]. Here the proof would be
different as only data on k#h, are used.

THEOREM 6.1. Suppose f(x)eC[0, A] for which A5 f(k27")| <
M2 "™ for (k+m)2 "< A, where k is a positive integer and a is not an
integer unless x=m. Then we can construct g(x)e C[ — A, A] such that
A5, g(k2 ") < K27", where K depends only on m, o, M, B=
supy,, | f(k27")| and A.

Remark. Dependence on 4 stems only from our construction. This
restriction could have been removed (with some additional work} but for
our purposes there is no need for this improvement. It is the distinction
between Lipschitz and Zygmund classes that causes the restriction “« is not
an integer unless o =m.”

Proof. We first assume m— 1 <a<m. Using the known result [11,
p. 1057], we have

m—2 m—1

—1
AL ) =2 A ()= Y Y (’”# )A;{’f(x+vh).

v=0 pu=v+1
We substitute #=2 " and x=0 and multiply both sides by (2" ')~ ! to
get

|2(/11 1)("7I)Arzn,,mlyf(())—z(mi”nA;_nle (0)1
—1
<2t T max 147, f(k2 ")

m—1
S M.27r1(xﬂm+1).
2
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From this behaviour we may deduce that lim,_, 2" ""A7 1 7(0)=
C,_, exists. An estimate for C, , 1s given by |C, ,I<
|20 D=l D g L £0)) 4+ ((m—1)/2) M2 D2 (11 =27**" ")) and/
is chosen so that 2"/ "m<Aor|C, ,|<K, . w1th K,, , satisfying
what K of our theorem is supposed to satisfy. We now examine in
[0, A] the function g, (x)=f(x)—(1/(m— 1)) C, ,x" ' Obviously,
AT 0 8y ((K[2") = AT f(Kk/2") for k=0, 1,.... Morcover,

|A 2” gm 1(0)|
< 2 (- bn |2{m ””A’Qn ., 1/(0( o (wm [ 1

§2 (m 1)n Z ‘2(;;1 1)/A,2,,77]f(0)_2(m ”(/+H/1':"7+11f(0)‘

I=n

<2r(m—lln i rnz_l

I=n

SKI)I’ 1(1)2 "/10(’

M2~(1+1)(1—— m 1)

where K,, (1) depends on m, o, M, B, and 4. We also see that for
other £ (that can be chosen as kK <m), we have |475'g, (k/2"}] <
(Ko (1) +kM)27" Since A7,,8(1/2") = 475 (1 + 1)/27) = A7, $U1/27),
for any ¢, we have

‘Alln;'] Em l(([+ 1 )/2”)| S |AI|’,”2”l Em 1(1/7” I + 1/]]' 2 8m l(/r'/zn)ls

which implies [47,." g, (k/2")| <(K,, (1)+kM)27" We continue
now to estabhsh C,, - using the same method. We just have to consider
now A4y,! g,n k27, for k<m—1, dnd define g, (x)=f(x)—

C, /(m x" ' —(C, /(m—=2))x""2 The constant C, , Iis
bounded by a constant that depends on m, o, M, B, and A like K of our
theorem. Also 475.'g, (x)=47."g, (x) and [47,.°g, (0)<
K, _,(1)2 " with K, ,(1)depending on the same constants as K, , and
K, _.(1). Moreover,

|A'1n/27”2gm 2(/(/2”)|<(Km 2(1)+’n(Km 1(1)+’/nM))2 ”1~ for kg’”-

"

We continue and finally obtain go(x)=f(x)— X7, C1/11) X,
and  go(x) satisfies |47, go(k/2")| = [ A7, f(k/27) < M2™"  and
| 4450 go(k/2") < K2 ™, for 0</<m and k <m. We now define the new
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function g,(x)=gy(x), for 0<x< 4, and g,(x)=0, for x<0. We now
examine A47),, g,(k/2"); for k>0 the estimate is known; and for k <0,

n

m
a2 3 () el k2 <2 max 1,2

/=0

< 2mK02 - '11'

We make a final adjustment to our constants and function writing
g(x)=g (x)+ X7V C1/1) x" in [—A, A] and complete our theorem for
the case m— l <ax < m.

If we do not have m — 1 <a <m or, in other words, « <m — 1 (a cannot
be an integer in this case), then we show that |45 f(k/2")| < K27, for
0 <k <k, This is shown by a Marchaud-type proof, but here we have an
added difficulty for & which is odd, that is, not a muiltiple of 2. We can
write A5 f(k/2") = A5 (2[K/2]/2"), for even k, or A3 f(k/2") =
— A f(20k/23/27) + A% . f(2[k/21/27), for odd k. Estimating
A7 f(2[k/2]/2"), we have

A5 f(2[k/21727)
=2 AR f(Tk220 )

m 2 m-1

-1
+2 71y Y (m# )A'z"nf(([k/2]2+v)2").

=0 p=v+1

Therefore

|45 flk2m) <27t max | A7 8 f(k/2n 1)
1

0<hk<2 " - m+

+(’“T‘1+1> max |47 f(k/2")],

0<k<2"—m

and this inequality would lead to |45 f(k2") <M, 27" if m—1>q,
following the proof of Marchaud’s inequality (see, for instance, [11,
pp. 105-106]).

Actually, the fact that the sequence was 2" of K- 27" can be changed to
Kl ", | integer, for any integer, and we obtain the following theorem.

THEOREM 6.2. If h,=Cl"", feC[0,A4], and |47 f(kh,) < Mh; in
[0, A7, and either a=m or o is not an integer, then we can extend f to a
function g such thar g(x)=f(x) in [0,A4], g(x) C[—A4,A4], and
LAy gkh,)| < Mh3 for [kh,, (k+m)h,]c[—A, A].
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For the proof which does not require much more than the proof of 6.1
but is much messier, we use Timan [11, p. 103]:

[ [
Apflx)=3 - X Apfxtviht b,
vp=0 Yy = 0
and therefore
) [
Apf() =14y flx)= Y o Y LAy fxtviht o v, h) =47 f(x)]

v =0 Vo 2= 0
7o [ R SR US|
=3 -y Y APt f(x + th).

v =0 vy =10 t=0

Substituting x = Ck/l" and h= C/I", we can follow the steps of the proof
almost word for word, only the formulae will be substantially more com-
plicated.

7. MobuLl OF CONTINUITY IN AN INTERVAL AND ON R”
We can now deduce the result in an interval or in R*.

THEOREM 7.1. If fe C(R™), h,=CIl ", for some integer I, and
|47 flkh ) <Ml ™, for h=012,.,

where either o =m or o is not an integer, then |A} f(x)| =M h* for all
h=0 and x=0.

THEOREM 7.2. [f f(x)e C[0, 1] and | A7, f(kI ") < MI] ™, for k=0,...,
1" —m, and either « = m or a is not an integer, then | A} f(x)| < M h*, for all
x and h such that [x, x+mh]< [0, 1].

Proof. These are immediate corollaries of the extension theorems in
Section 6 and theorems of Section 3 as well as Theorem 4.7.

Remark. When we have [a, b] instead of [0, 1], we just use &, =a and
h,={(b—a)/ryl ", where r and [ are integers.

8. A RESULT ON LOCALLY LEBESGUE INTEGRABLE f(x)
In some sense we restrict our function with an a priori restriction of at

least fe C(I). We will show as a corollary a condition on locally Lebesgue
integrable functions that will imply fe Lip o in C.
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Define  a,(¢, h)=(1/A) fE1 G f(w) du and  da (&, h) = ax. (& h)—
ai(&, h), while A"a,(&, h)=A(4""'a, (&, h)).

THEOREM 8.1. For locally Lebesgue integrable function f(x), any
sequence £, and a sequence h, satisfying 1< h,/h,, <M, the condition
| A™a (&, b)) < Kh®, for a <m, implies | f(x + h)—f(x)| < Kh* (for local

n?

L, equivalent to f).

Proof. Define F(x)=[3f(u)du and we have |4™a,(¢,, h,)|=|(1/h,)
ApVF(E, + kh,)| < Khyor |47V F(E, + kh,)| < Kh;*!, but F(x) is locally
absolutely continuous and therefore, using Theorem 4.6, |A7 ! F(x)| <
K, h**'. This implies that F'(x)=f(x) ae. and F' is continuous, which
implies |47 f,(x)| < MA*, for f, which is equivalent to f(x).
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